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Abstract — We compare the capacities of M-ary pulse posi-
tion modulation (PPM) on Gaussian and Webb channels, which
are often used to model optical channels with avalanche photo-
diode (APD) detectors. Both types of channels exhibit the same
brickwall thresholds on minimum signal-to-noise ratio per infor-
mation bit (bit-SNR) for different values of M.

Considerasymmetricchannelwith inputsignalsx restrictedto an
M-ary orthogonalconstellation(suchasPPM)andno restrictionon
thechanneloutputsy. Themaximummutualinformationbetweenx
andy is achievedwith anequiprobabledistributionontheinputs,and
thechannelcapacitycanbeevaluatedas

C � log2M � Ev � x1
log2

M

∑
j � 1

p � v � x j 	
p � v � x1 	 (1)

wherev is any randomvectorobtainedfrom y via aninvertibletrans-
formation.

For astandardadditive whiteGaussiannoisechannel(AWGN-1),
the componentsof the channeloutput vector y, given one of the
orthogonalinputs x j , are conditionally independentGaussianran-
dom variables,identically distributedexcept for y j : yi is N � 0 
 σ2 	 ,
i �� j , andy j is N � m
 σ2 	 . Thecapacityis evaluatedfrom (1), using

v j

�� y j  σ andρ
�� m2  σ2:

C � ρ 	 � log2 M � Ev � x1
log2

M

∑
j � 1

exp ��� ρ � v j � v1 	�� (2)

A “double” AWGN channel(AWGN-2) addsgreaternoiseto the
orthogonalcomponentin the direction of the signal. The compo-
nentsof thechanneloutputy, givenoneof theorthogonalinputsx j ,
areconditionallyindependentGaussianrandomvariables,identically
distributedexceptfor y j : yi is N � m0 
 σ2

0 	 , i �� j , andy j is N � m1 
 σ2
1 	 ,

with m1 � m0 andσ1 � σ0. Thecapacityevaluatedfrom (1) is

C � ρ 
 γ 	 � log2 M

� Ev � x1
log2

M

∑
j � 1

exp � γ � ρ � v j � v1 	�� � 1 � γ 	 � v2
j � v2

1 	  2� (3)

where the (conditional) statisticsof v j

���� y j � m0 	  σ0, and hence

the capacity, dependon two parametersρ
���� m1 � m0 	 2  σ2

0 and

γ
�� σ2

0  σ2
1 � 1, ratherthanon four parametersm0, σ0, m1, σ1.

An optical channelwith APD detectorscan be modeledas a
“double” Webbchannel(Webb-2),plusadditionalGaussianthermal
noise [1]. A Webb randomvariableW � m
 σ2 
 δ2 	 � m � wσ is a
scaled-and-translatedversionof a standardizedWebb randomvari-
ablew

�� W � 0 
 1 
 δ2 	 having probability densityp � w;δ2 	 � 1�
2π
� 1 �

w δ 	�� 3� 2e� w2 � 2 � 1 w� δ ! , w � � δ. For a pure Webb-2channel,the
componentsof thechanneloutputy, givenoneof theorthogonalin-
putsx j , areconditionallyindependentWebbrandomvariables,iden-
tically distributedexceptfor y j : yi is W � m0 
 σ2

0 
 δ2
0 	 , i �� j , andy j is"
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W � m1 
 σ2
1 
 δ2

1 	 , with m1 � m0, σ1 � σ0, andδ1 � δ0. TheopticalAPD
channelmodel imposesan additional interrelationshipγ � δ2

0  δ2
1.

Thecapacityis thenevaluatedfrom (1) in termsof ∆
�� δ2

1 � δ2
0 as

C � ρ 
 γ 
 ∆ 	 � log2M

� Ev � x1
log2

M

∑
j � 1

p # � γ � v j � � ρ 	 ; ∆
1 � γ $ p � v1; γ∆

1 � γ 	
p # � γ � v1 � � ρ 	 ; ∆

1 � γ $ p � v j ;
γ∆

1 � γ 	 (4)

wherev j , ρ, andγ have thesamedefinitions(in termsof theWebb-2
channelvariables)asfor theAWGN-2model.

We evaluatedthe M-dimensionalexpectationsin (2), (3), and
(4) accuratelyvia Monte Carlo simulation. Someresultsare plot-
ted in Fig. 1 for the AWGN-1 and Webb-2channelsfor different
PPM ordersM. The abscissain this figure is a normalizedbit-

SNR,ρb

�� ρ  � 2C 	 . Along eachWebb-2curve, the two independent
variablesheld constantare∆ � 60% 8 andργ  � 1 � γ 	 � 17% 6, which
correspondto a representative optical APD problemwith ηns � 38
detectedsignal photonsper PPM word and an excessnoise fac-
tor F � 2 % 16. The Webb-2 capacity curves for each M exhibit
the samebrickwall thresholdson minimum ρb asthe AWGN-1 ca-
pacity curves. For different M, thesethresholdsare offset from
each other by a factor M  � M � 1	 , representingthe penalty for
using orthogonalsignals insteadof a simplex signal set. In the
limit as M & ∞, the minimum ρb approaches(for both AWGN-1
andWebb-2)the well-known bit-SNR thresholdof � 1 % 59 dB for a
standardAWGN channelwith no restrictionon the channelinputs.

8'7(6)5*4
+

3
,

2-10.-1/-2-

C
ap

ac
it

y,
 b

it
s 

p0 er
 c

h
an

n
el

 u
se

–1.591  dB

Simplex-to-Orthogonal
Penalty Factors+0.02 dB

+0.28 dB

+3.01/   dB
+1.25 dB4PPM

16P2 PM
256P2 PM

2PPM

2PP2 M
4PP2 M

16PP2 M
256PPM

Bit-SNR3  ρb, dB

Webb-2 parameters:
∆ = 60.8
ργ/(1−γ) = 17.6

AWGN4 -1
Webb5 -2

Webb5 -2AWGN4 -1

AWGN4 -1

Webb5 -2
AWGN4 -1

Webb5 -2

.1

1/

1/ 0
8'

2-
4
+

Fig. 1: Capacityof M-aryPPMonAWGN-1andWebb-2channels.
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